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The primal-dual method
for Uncapacitated Facility
Location



Uncapacitated Facility Location

Input: facilities F, clients C, opening cost f; for i € F,
metric distances djj for i € F and j € C

Task: find S C F, minimizing 3-,cs fi + 3 ;e d(S,J))
where d(S, /) := minjcs dj;
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min ZZ diix;j + Z fiyi variables:
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Primal-dual algorithm
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Algorithm

S:=0,v:=0C:=C

while C’ # ()

Increase v; for all j € C’ until (a) or (b) happens:
(a) If 3jcc wy = fi for some i € F\ S then
S:=SU{iland C":=C"\ N,.
(b) If vj = djj for some i € S and j € C’ then
C=C\{j}
Let S C S be C-max with N; N Ny =0 for i, i’ € S.
Return S.
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The primal-dual method
and Lagrangean relaxation
for k-Median



Input: facilities F, clients C, k € N
metric distances djj for i € F and j € C

Task: find S C F, |S| < k minimizing 37 d(S, )



Lagrangean relaxation
[Pl Z* = min Y > dyx;
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[P(N)] 2()) = min ZZd,-jx,-j + A (Zy,- - k)

i€F jeC ieF
s.t. d ox =1 VjecC
ieF
y,-—x,-j20 VI'EF,jEC
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yi =2 0 VieF



Lagrangean relaxation

[P(V)] g(A) = min szijxij + Z)\)// — Ak

ieF jeC icF
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Lagrangean relaxation

[D(N)] g(A) = max Zvj — Xk

jec
st > wy <A VieF

jec
vi—wy; < dj VieF, jeC
wij >0 VieF,jeC



Lagrangean relaxation

[D(A)] z()) = max va — Ak

jec
st > wy <A VieF
jec
vi—w; < dj VieF, jeC
wy >0 VieF, jecC

Idea: Choose some A > 0. Run primal-dual algorithm for UFL
instance with facility costs f; = A for all i € F.



Lagrangean relaxation

[D(N)] g(A) = max va — Xk

jec
st > wy <A VieF

jec
vi—wy; < dj VieF, jeC
wij >0 VieF,jeC

Idea: Choose some A > 0. Run primal-dual algorithm for UFL
instance with facility costs f; = A for all i € F.

if |S| < k: S feasible
if |S| > k: £(S) <30PT

Can we get both at the same time?



Combining two solutions

Bisection search
We can find in polynomial time A1, A2 > 0 and corresponding
51,5 C F computed by the primal-dual algorithm such that

> Og)\g—/\lgs‘,ﬁ—,ﬁrand

> ‘51| > k > ’52‘



Combining two solutions

Bisection search
We can find in polynomial time A1, A2 > 0 and corresponding
51,5 C F computed by the primal-dual algorithm such that

> OS)\Q—)\1§E30|7E|Tand

> ‘51| > k > ’52‘

Algorithm
Find A1, S1 and Ay, S» as above. Define o :=
If o < 1/2 then return Ss.

If & > 1/2 then

For i € Sy let ¢(i) be the nearest facility to i in S1.

Let S := {p(i): i € Sy}

Select X C S\ S with |X| = k — |S]| uniformly at random.
Return |S U X|.

k — S|
S2] — |S1]

v

vV vy



How to compute A1, A7

Algorithm (Bisection Search)

)\1 = 0, )\2 = EjeC maX;cF d,'j
A::ﬁmin{d,-j cieF,jeC, dj>0}

while (A2 — A1 > A)
» Compute S C F with primal-dual for facility cost
A= ()\1 + )\2)/2
» If |S| > k then Ay ;==X and §; := S.
» If |S| < k then A\ :=Xand S, :=S.
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Theorem 10.7

Lagrangean relaxation is a (6 + ¢)-approximation algorithm for
k-MEDIAN (for any fixed ¢ > 0).

Theorem 10.8

There is no 1.735-approximation for k-MEDIAN unless every
problem in NP has an O(n©(°8'%8))_time algorithm.



